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Spaced repetition, involving scheduled review sessions, has emerged as an effective
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strategy to counteract forgetting;, however, optimal review intervals are often
Ebbinghaus, determined intuitively rather than derived mathematically. This study aims to model
Forgetting Curve, memory retention dynamics using an extended Ebbinghaus forgetting curve
Optimal Review Time, formulated through a learning and forgetting differential equation model, estimate
Memory Loss, parameters from empirical data, and optimize review intervals to enhance long-
Spaced Repetition.

term retention. Data were collected through questionnaires from 15 students in the
2023 Mathematics Study Program at Andalas University enrolled in Real Analysis
1, yielding parameter estimates of learning rate (o = 0.70), forgetting rate (A =
0.30), initial knowledge level (K(0) = 100%,), and maximum knowledge capacity
(K_max = 100%). The model was solved analytically, and numerical simulations
compared three strategies: no review, random review, and optimal review at an
80% retention threshold. The optimal review time was found to be t = 1.098 days
(approximately 26 hours and 32 minutes), corresponding to the point at which
retention declines to 80%. Simulations showed that no review leads to near-zero
retention over time, random review produces inconsistent improvements, and the
optimal review strategy maintains retention above 80% efficiently. Overall, the
mathematically derived optimal review strategy significantly outperforms
alternative approaches, providing a personalized, evidence-based method to
improve learning efficiency and long-term memory stability while demonstrating
the value of integrating psychological memory theory with mathematical
optimization for practical educational applications.
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L. INTRODUCTION

Humans naturally experience the process of forgetting over time due to their limited and fragile
memory capacity. The human brain tends to filter information by only storing information that is considered
important, while other information gradually fades away. This phenomenon is a natural process that was
studied by Hermann Ebbinghaus in 1885 through experiments on human memory [1], [2]. His research results
gave birth to the concept of the forgetting curve, where memory retention shows a gradual decline after the
learning process [2]. The forgetting curve also indicates that new knowledge will experience memory decay
within days or weeks, unless the material studied is repeated [3].

In the context of education, students often find it difficult to maintain their understanding of learning
material. Over time, material that has been mastered tends to be forgotten if it is not studied again. One
approach to overcoming this decline in memory is to repeat the material at certain intervals, known as spaced
repetition [4]. This method has been empirically proven to improve retention and learning efficiency [5].
However, determining the right time to review is often still done based on estimation alone.

Several recent studies have explored mathematical models to address memory retention and spaced
repetition. For instance, Murre and Dros (2015) replicated Ebbinghaus' original experiments, confirming the
exponential decay and analyzing fits with power and exponential functions, while noting potential sleep-related
boosts in retention [6]. Tabibian et al. (2019) developed a stochastic framework for optimizing spaced
repetition using temporal point processes and stochastic differential equations, deriving optimal schedules that
maximize recall while minimizing review frequency [7]. Similarly, Settles and Meeder (2016) proposed a
trainable half-life regression model for language learning, predicting recall probabilities to schedule reviews
adaptively [8]. Reddy et al. (2016) introduced an unbounded learning model for optimal scheduling,
emphasizing queueing networks for flashcard reviews [9]. Ye et al. (2022) and (2023) advanced this with
stochastic shortest path algorithms and dynamic memory capture, achieving significant improvements in
review efficiency [10], [11]. Kline (2025) extended forgetting curves to neural networks, showing human-like
decay and benefits from spaced reviews [12].

Despite these advancements, gaps remain in applying these models to specific educational contexts
with empirical parameter estimation from small student cohorts. Previous works often rely on large datasets
from apps like Duolingo [7], [8] or simulate general scenarios [9], [10], but lack focus on university-level
courses like Real Analysis, where abstract mathematical concepts demand tailored retention strategies. Our
study's uniqueness lies in using questionnaire-derived parameters from 15 Mathematics students, enabling
individualized modeling, and comparing three practical scenarios (no review, random, optimal) through
simulations. This approach bridges theoretical models with classroom application, differing from prior
research by emphasizing parameter estimation from targeted surveys rather than aggregated app logs, and
quantifying strategy effectiveness via retention stability metrics. Unlike Tabibian et al.'s general optimization
[7], we incorporate course-specific initial knowledge assumptions, providing actionable insights for educators.

This study aims to design a more targeted and individualised learning system. Through a differential
equation approach, a mathematical model was developed that can predict the time of memory decline for a
particular subject and recommend the optimal time for review. The proposed model not only considers the
natural process of forgetting but also individual learning abilities. With this model, it is hoped that the learning
process can be optimised to provide a more effective and efficient learning experience. This study compares
three learning scenarios, namely learning without review, learning with random review, and learning with
review at the optimal time. The results of this study are expected to provide clear guidance on the importance
of determining the right time for review in the learning process and to prove mathematically that a planned
review strategy can improve long-term memory retention.

II. METHODS

This study uses a quantitative approach with mathematical modelling methods combined with primary
empirical data collection through questionnaires for parameter estimation purposes [13]. This study aims to
develop a mathematical model of memory retention dynamics based on the extension of Ebbinghaus's
Forgetting Curve (learning and forgetting model) and to determine the optimal review time interval [6], [7].
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Empirical data was obtained through a closed questionnaire distributed to 15 students of the Mathematics
Study Programme at Andalas University, class of 2023, who were currently taking or had taken the Real
Analysis [ course. The data obtained was used to estimate the parameters in the mathematical model
constructed. The stages of the research conducted were as follows:

1. Collect relevant scientific references, both books and journal articles, related to Ebbinghaus's
Forgetting Curve, memory retention, and mathematical modelling of learning [6]-[12].

2. Formulate a basic mathematical model that describes the processes of learning and memory forgetting
[14].

3. Develop the model by incorporating the review mechanism as a factor that influences retention

dynamics [7], [8].

Determine model parameters based on empirical data obtained from questionnaires [13].

Analyse steady-state conditions to determine the long-term behaviour of the model.

Perform numerical simulations to describe the dynamics of memory retention over time.

Compare several learning strategies, namely without review, random review, and optimal review, and

visualise the simulation results [10], [11].

8. Analysing and interpreting simulation results to draw conclusions regarding the effectiveness of the
review strategy applied.

Nk

The method differs from previous references by focusing on a small, targeted sample for parameter
estimation, unlike large-scale data mining in [7] or [8], allowing for course-specific customization while
building on established differential equation frameworks [14].

111. RESULTS AND DISCUSSIONS
A. Ebbinghaus Forgetting Curve Model

The Ebbinghaus Forgetting Curve illustrates the decline in human memory retention over time after
the learning process [15], [6]. Mathematically, this phenomenon can be modelled using the following first-
order differential equation:

dK _
= = -k (1)

where K() represents the level of memory retention at time ¢, and A is the rate of forgetting. This model shows
that memory retention decreases exponentially, where the greater the value of A, the faster the forgetting
process occurs [6].
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Figure 1. Ebbinghaus curve model
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B. Learning and Forgetting Model
To represent the process of relearning (review), Ebbinghaus's basic forgetting curve model was
expanded into a learning and forgetting model [14], [15]. This model considers two main processes, namely

an increase in retention due to learning and a decrease in retention due to natural forgetting. The dynamics of
memory retention are modelled as follows :

dK
ar a(Kmax — K) — 2K (2)

where K is knowledge at time t, K,,,4, is the maximum memory retention limit (maximum knowledge that can be
achieved), « is the learning rate, and 4 is the forgetting rate. The equation can be rewritten as:

dK
= = OKmax — K(a+2). 3)
This model can be solved using the integration method, so that the equation can be written as:
dk
E+K(a+/1)=al(max 4)
with its integration factor:

y(t) — ef(a+/1)dt — e(a+/'l)t' (5)

Then, by multiplying the integration factor to equation (4), we obtain:
pla+ )t ‘;_If + @Dt (g 4 ) = el@Digg
or can be written as:
% [ e att K] =elatdtg g (6)

Next, the integration of both sides of equation (6) can be written as:

d
J‘E [ ela+t K] — fe(a+l)taKmax dt (7)
so that it is obtained
Ke(a+/1)t — AKmax e(a+)l)t +oc. (8)
a+i

By dividing both sides of equation (8) by e @+t it is obtained that

K(t) = 0 4 cem(@ Dt ©)

Equation (9) is the general solution of the learning and forgetting model from equation (2). If given the
initial condition K (0) = K|, then the constant C is obtained as follows:

Kmax
C=K, — "‘(ZT (10)

E-ISSN: 2621-4474, ISSN:2621-4458. 72



Radhiatul H., Nabila G. R., Alwan R., Mursyid N. F., Amma L. H., Evianita D. F.
Applied Technology and Computing Science Journal, Vol. VIII, No. II, December 2025, 69-79

By substituting equation (10) into equation (9), the following specific solution is obtained:

Kmax Kmax -_—
K@) = ey (K, - Somex) e=(@rd, (11)
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Figure 2. Learning and Forgetting Model

Based on Figure 2, this model shows that memory retention will reach a balanced value over time [14].

C. The Effect of Model Parameters on Steady State

In memory retention modelling using the learning and forgetting model, the interaction between the natural
forgetting process and interventions in the form of review sessions forms a dynamic system that can reach a
steady state condition [15]. This condition represents a state in which the level of memory retention no longer
experiences significant changes over time, but is in a stable state. To analyse the effect of the learning rate (o)
and forgetting rate (A) parameters on this equilibrium point, changes in memory retention over time are set to
zero. With this approach, the steady state expression can be derived explicitly, so that the influence of each
parameter on the long-term behaviour of the system can be analysed more systematically and measurably.
Thus, a steady state condition is achieved when the change in memory retention over time is zero, namely:

K _
dt

Suppose K" is long-term knowledge that can be retained (retention value under steady-state/equilibrium
conditions). From equation (2), the steady-state condition can be written as follows:

dK
T A(Kpax —K*) —AK* =0
or can be written as
0 =aKyg — K'(a+ 1)
so that it is obtained:
K*(a+ 1) = aKpax

So, from the model used, the retention value under equilibrium conditions is obtained as follows:
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x _ AKmax
K= (a+1) (12)

Based on these results, we can conclude the influence of model parameters:

1. Ifthe value of « is greater than 4, then the reinforcement (learning) process becomes more dominant
than forgetting, so that memory retention tends to approach K,,,,. This means that the greater the
learning rate compared to the forgetting rate, the closer the knowledge at time t is to the maximum
knowledge capacity, so that students can remember almost all of the learning material.

2. If the value of a is smaller than A, then forgetting becomes more dominant than the learning process,
so that K(t) tends to approach zero. This means that the greater the rate of forgetting compared to the
rate of learning, the more knowledge at time t approaches zero, so that students almost forget all of
their learning material.

This shows the importance of balance between the rate of learning and the rate of forgetting in maintaining
long-term memory, and this can be seen in figure 3 below.

o= 40 WITH VARYING A

100%

A=20%
h=30%
h=50%
h=70%

Mernory Retention Kt}

0% I I i i i i
o

1 2 3 4 i B
Time of Day ()
Figure 3. The Effect of Model Parameters on Steady State
D. Optimal Review Interval Formulation and Simulation

The learning and forgetting model is used to determine the optimal time to conduct a review, which is
before memory retention falls below the set minimum threshold [7], [10]. In this study, the minimum retention
threshold was set at 80%. Based on questionnaire data from 15 students of the Mathematics Study Programme
at Andalas University, class of 2023, in the Real Analysis I course, the parameters obtained were o = 0.70 (or
70%), A = 0.30 (or 30%), K(0) = 100% (due to prior knowledge), and K max = 100% (because maximum
memory is 100%). By substituting these values into the model in equation (11), namely

08— o7 (1 _ ﬂ) o—(0.7+03)¢
0.7+0.3 0.7+0.3

This equation can be simplified to
0.1=03xe7".

by dividing both sides by 0.3, it can be written as

Then take the natural logarithm of both sides:
n(033)=In(e?) ,

so that the following ¢ value is obtained
t = 1.098.
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Thus, the time when retention reaches 80% is obtained, which is t = 1.098 days, equivalent to approximately
26 hours and 32 minutes. This value is the optimal time interval for conducting reviews to keep memory
retention at the desired level [10].

E. Comparison of Review Strategies

This section compares three approaches to rescheduling learning, namely no review intervals, random
review, and optimal review [11]. Numerical simulations were conducted to compare these three learning
strategies. The purpose of this comparison is to analyse the differences in memory retention patterns produced
by each learning strategy. Through this comparison, it is possible to observe how each approach affects the
stability and level of memory retention over time. Thus, this section is expected to clearly demonstrate the
most effective learning strategy for maintaining long-term memory based on the results of the mathematical
model simulation that has been developed.

a) Retention Without Review

Retention without review is a condition in which memory retention is allowed to decline naturally at the rate
of forgetting without any repetition or reinforcement sessions. In this condition, the information that has been
learned will experience a significant decline over time, making it difficult to retain in the long term. In this
scenario, it is assumed that the learning process is only carried out once on day 0 and is not accompanied by
subsequent review sessions.

Tabel 1. Retention Table Without Review

No. Day (t) Memory Retention (Knowledge at Time t) Description
1 0 100% Initial knowledge
2 1 74.08% Below the target of 80%
3 2 54.88% Far below the target
4 3 40.65% Drastic decline
5 4 30.11% Drastic decline
6 5 22.31% Almost forgotten
7 6 16.52% Starting to be forgotten

From the scenario and table 1 above, memory retention without review can be simulated in the following
graph:

Mermory Retention Model Without Review
100% T T \ T

B0% [ : : -
I SR SRR AN S B
BO% - 5 5 |
SR S R R

AO% e e e e

Mermory Retention (K(t))

T e e 4

10% - : : : _

% I i i i I
0 1 2 3 4 a B
Time of Day (1)

Figure 4. Memory Retention Graph without Random Review
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b) Random review retention

In the random review strategy, revision sessions are conducted at irregular intervals and are not based on
predictions of memory retention decline. As a result, some reviews are conducted too early when retention
levels are still high, making them inefficient and potentially wasting study time, while others are conducted
too late when memory retention has declined significantly. This strategy produces better retention rates than
no review, but it is still unable to maintain memory retention consistently over the long term. In this scenario,
reviews are conducted randomly on days 0, 1, and 6.

Tabel 2. Retention Table With Random Review

No. Day (t) Memory Retention (Knowledge at Time t) Description
1 0 100% Initial knowledge
2 1 100% Reviewed again
3 2 81.03% Above target
4 3 74.06% Below target
5 4 71.49 % Below target
6 70.54% Far below target
7 6 100% Reviewed again

From the scenario and Table 2 above, memory retention with random review can be simulated in the
following graph:

Memary Retention Model with Random Review att =10, 1, and 6
100%

T ! | _
QD% e S ........................................... ............................... —

1 1 > R RN R PR .............. —

T0%
10 SRS OSSOSO ................................. R P EEERRRRRRS ............................... -
B0 [ e ................................ .................................................. _

|- : .

Memary Retention { K(t))

F0% e oo PP : ........................... T E R PP TP TP -
1 D PO PR PP ............................... |

10% |- : : -

% | i i I
0

Tirne of Day (t)

Figure 5. Memory Retention Graph with Random Reviews
¢) Optimal review retention

In the optimal review strategy, each repetition session is conducted just before a significant decline in
memory retention occurs. This approach produces a relatively stable retention curve, as each decline in
retention is immediately corrected through a reinforcement process at the most effective time. In addition, this
strategy is efficient because the number of review sessions conducted is not excessive and is focused on the
most appropriate times.
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Table 3. Memory Retention with Optimal Review

No. (Di)ay Memory Retention (Knowledge at Time t) Description
1 0 100% Initial knowledge
Reaches minimum
o
2 ! 80% target
3 2 100% Reviewed again
Reaches minimum
0,
4 3 80% target
5 4 100 % Reviewed again
Reaches minimum
0
6 > 80% target
7 6 100% Reviewed again

From the scenario and Table 3 above, memory retention with optimal review can be simulated in the
following graph:

Memory Retention Model with Optimal Review
100% . '

805 e e | e :

80% [—
FO0% — : —
T - R L R RIRNE —
S0% — : |

20% [ : -

Memory Retention (K(t))

209 e DU OO OO0 OSSO0 OO i

20% —

10% — : —

D i | i i |
]
Time of Day (£}

Figure 6. Memory Retention Graph with Optimal Reviews

Based on the three review strategies above, the simulation results indicate that learning without review
causes memory retention to decline significantly and is difficult to maintain in the long term. The random
review strategy provides a temporary increase in retention, but is unable to maintain consistent retention
stability. Meanwhile, the optimal review strategy produces a stable and efficient retention pattern. Reviews are
conducted just before a significant decline occurs, so that memory retention can be maintained in the long term
with a more controlled number of repetitions. Thus, the optimal review strategy has proven to be the most
effective compared to strategies without review or random review [11].

d) Benefits of an Optimal Review Strategy Compared to a Strategy Without Review or Random
Review

Following are some advantages of the spaced repetition method with an optimal repetition strategy compared
to a strategy without repetition or a random repetition strategy.
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Table 4. Comparison of Memory Retention with Optimal Review, Random Review and without Review

Compare Aspects Without Review Random Review Optimal Review
Interval Concept None Uncertain Consistent And
Planned
Time Efficiency Very Low Low Very High
Retention Rate Very Low Low & Inconsistent High and Stable
Forgetting Curve Steep And Unpredictable Ups Like A ‘Staircase’
Consistent Decline And Downs That Is Becoming
Flatter
Transfer To Long- None Ineffective Very Effective
Term Memory

IV. CONCLUSIONS AND RECOMMENDATIONS

Based on the results of the analysis and simulations that have been carried out, it can be concluded
that the Learning and Forgetting model is a more realistic development than the basic Pure Forgetting model
because it incorporates the learning or review process factor into the dynamics of memory retention [14]. The
analytical solution of both models produces an exponential function that is capable of representing changes in
memory retention levels over time. In the Learning and Forgetting model, the learning rate (o) and forgetting
rate (A) parameters have a significant effect on the shape of the retention curve and the steady-state value. A
larger o value indicates a faster learning process, while a larger A value accelerates the forgetting process. The
interaction between these two parameters determines the level of memory retention in the long term.

In the context of determining the optimal review time, the model shows that there is a certain time
when memory retention begins to decline beyond a predetermined threshold. Therefore, reviews should be
conducted just before the decline in retention becomes more pronounced. This optimal review strategy has
been proven to maintain memory retention at a stable level and prevent significant decline. A comparison of
learning strategies shows that learning without review results in a retention curve that continues to decline to
near zero. Meanwhile, a random review strategy yields better results than no review, but is less effective
because the repetition time is not adjusted to the dynamics of memory forgetting. Thus, the optimal review
strategy designed based on mathematical analysis of the model has been proven to be the most efficient in
maintaining long-term memory retention and improving the effectiveness of the learning process [10], [11].

Based on the results of the research conducted, there are several recommendations for further research
development. The learning and forgetting model used in this study still focuses on the internal dynamics of the
learning and forgetting processes, so it does not fully represent the complex learning conditions in the real
world. Therefore, future research should develop a model that incorporates external factors such as fatigue
levels, learning motivation, and environmental distractions that can significantly affect a person's memory and
memory retention stability. By considering these factors, it is hoped that the resulting model will be more
comprehensive, realistic, and able to provide more accurate and adaptive review interval recommendations for
individual conditions [12].
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